
Samuel Baltz
13 September 2018

How to write proofs for 599

In this document I describe a rough procedure for proving statements in
this class, and I illustrate that procedure with a detailed example. This
procedure only applies to constructively proving identities; these instruc-
tions are not intended to also pertain to standardized methods of proof such
as contradiction, induction, and so on.

Our abstract strategy for proofs:
In this class, the procedure for proving an equality will be to construct it using only

these fundamental ideas:
• Axioms such as Kolmogorov’s probability axioms:

1) ∀A ∈ F , P (A) ∈ R|P (A) ≥ 0
2) P (Ω) = 1
3) Ai mutually exclusive =⇒ P

(
∪∞i=1Ai

)
= Σ∞

i=1P (Ai), where two events A1 and
A2 are mutually exclusive if A1 ∩ A2 = ∅, so if their intersection is empty, meaning that
if one happens then the other cannot happen
• Foundational set theoretic definitions, such as set unions, intersections, comple-

ments, power sets, and so on.
• The immediate consequences of those set theoretic definitions, such as the funda-

mental properties of set complements. If you’re unsure whether or not (for example) a
simple property about set complements needs to be proven, just ask me.
• All the rules of logic and friendly operators like “+” that you know and love from

classical arithmetic and algebra.
• Anything that you (not Yuki or me – you!) have already proven in this class. If

you want to refer to something you’ve already proven without repeating the whole proof,
that’s perfectly fine, but please let me know when you proved that statement. For exam-
ple, “In problem set 2 subquestion 75. z) ix) ξ), I proved Fermat’s Last Theorem, so I
will take that as a lemma here”.

Our practical strategy for proofs:
1) Think hard about how to break down the proposition you’re trying to prove into

definitions. For example, if one side of the equation contains an intersection of two sets,
think about what an intersection means and what properties it has.

2) Once you have written down some relevant definitions, check which axioms relate
to those definitions. If none appear to, try rewriting the statement in creative ways until
you find a form of it that you can apply an axiom to.

3) If you have honestly been patient and have given yourself a fair amount of time to
solve the problem, check online for different properties that might help you out. Don’t
look up the answer directly – just search for inspiration about how to rewrite the problem.
You will eventually see one that gives you leverage to complete the proof, and then you
will experience the purest joy of all: the joy of finishing a mathematical proof!

4) If you still don’t know what to do, please come to my office hours. All of the proofs
we do in this class are trivial to find online, but please don’t look up other peoples’
proofs directly. Grades don’t matter, so you would just be robbing yourself of a learning
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opportunity.

An example of our strategy, with all of my thoughts annotated:

NOTE: The following is an illustrative example only, in which I go
into a huge amount of detail to show you not just my answer, but my entire
thought process. Please write your answers in the style I use in the problem
set solutions documents, not in the style below.

1. a) For some A1 ∈ F , we seek to show that P (Ac
1) = 1− P (A1).

To start with, what do we know about set complements? Let’s start with the most
basic thing we can know, the definition of the complement of some A1 ∈ F :

Ac
1 ≡ Ω \ A1

This definition says that the complement of A1 is the set of every event which is not in
A1. So, A1 and the complement of A1 have zero overlap; they contain none of the same
events. That’s an immediate consequence of the definition of a complement, so let’s try
writing down this idea in a formal way. Using ideas we’ve seen in this class, how can we
express the thought that two events have nothing in common?

Here’s one way, in terms of intersections and the empty set:

Ac
1 ∩ A1 = ∅

Immediately this looks familiar, right? You saw this on the last page, in the definition
of mutual exclusivity that I included as part of Kolmogorov’s third axiom. Look at it
on the previous page and notice that the ideas match exactly. So, we can apply Kol-
mogorov’s third axiom to this scenario.

If this feels a little magical so far, like you might not have thought of those connections
without a lot of effort, don’t worry – nearly all the ideas that I have when I’m writing
a proof are terrible and end up going nowhere. What’s important is to keep thinking of
creative connections and trying ideas until something eventually works!

So, let’s see if the idea of using Kolmogorov’s third axiom gets us anywhere. Because
A1 and Ac

1 are mutually exclusive, Kolmogorov’s third axiom tells us that they also have
to obey the following rule:

P (A1 ∪ Ac
1) = P (A1) + P (Ac

1)

Here’s a great sign: this looks a lot like the statement we’re trying to prove! So what
are the differences between the statement we have and the statement we wish we had?
Let’s rearrange what we have to look even more similar to the statement we’re trying to
prove:
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P (Ac
1) = P (A1 ∪ Ac

1)− P (A1)

Now, please take a moment to check the statement we’re trying to prove, and compare
it to the statement above.

It looks like there’s exactly one difference between what we have and what we want:
where we have P (A1 ∪ Ac

1), we wish we had 1. So is it possible that we can show that
P (A1 ∪ Ac

1) = 1? Think for a second: do you know how to prove this last piece?

Well, consider again the definition of a complement. What do we get when we take
the union of A1 with the collection of all events which are not in A1? We should obtain
a set which includes every possible outcome, namely the entire sample space Ω. (Here I
am ignoring the difference between F and Ω without any justification. If you are feeling
eager, see if you can find the somewhat subtle argument that says that this is OK in this
situation). So, we obtain:

P (Ac
1) = P (Ω)− P (A1)

Now, do we know anything about P (Ω)? Yes: Kolmogorov’s second axiom gives us
exactly the identity we’re looking for! Plugging it in,

P (Ac
1) = 1− P (A1)

This is exactly what we wanted to prove. Because we completed our mathematical
proof, we have earned the greatest prize of all: we get to draw a little box.
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